Abstract. We develop a homotopy theory of (small) homotopy functors from a combinatorial model category to simplicial sets and give a version of the classical theorem by Dwyer and Kan [DK83] on comparison of model categories of homotopy functors, [DK87] . Moreover, we interpret the fibrant-projective model structure, which appeared for the first time in [BC15], as another model for homotopy theory of homotopy functors, provided that all object in the domain category are cofibrant.
Introduction
Topological spaces T and simplicial sets S are Quillen equivalent simplicial model categories. It is quite clear though, that the categories of small functors from T and S are very far apart, but what about the homotopy functors on these categories? Similarly, there are many choices of Quillen equivalent model structures for spectra, and it is natural to ask which Quillen equivalences lift to categories of homotopy functors from spectra to spaces. Finally, one can ask whether the Dold-Kan equivalence between the connective chain complexes and simplicial abelian groups lifts to an equivalence of categories of homotopy functors to spaces.
A classical theorem by Dwyer and Kan, [DK87] , gives a necessary and sufficient condition for a functor of two relative categories (in the terminology of [BK12] ) to induce a Quillen equivalence between the categories of simplicial diagrams over these categories, localized in such a way that the fibrant objects are precisely the levelwise fibrant functors sending the distinguished morphisms into the weak equivalences of simplicial sets. A sufficient condition, for a functor F of relative categories to induce a Quillen equivalence in this way, is for F to be a Dwyer-Kan equivalence.
In this paper we ask the same question, replacing the Dwyer-Kan equivalent relative categories with Quillen equivalent model categories. The categories of diagrams become the categories of small functors, where the smallness assumption allows to avoid set theoretical difficulties. Such functor categories carry the projective model structure, [CD09] , but if we hope to obtain an induced Quillen equivalence between the categories of small functors, then we need to localize our model categories in such a way that the fibrant objects would be the levelwise fibrant homotopy functors. Such a localized model structure is called the homotopy model structure on functors. We now state our main result, which is proven in Theorems 2.1 and 3.3.
Theorem A. Let A and B be proper, simplicial, combinatorial model categories with all objects cofibrant. Then:
(1) There exist localizations of the projective model structure on S A and S B , such that the fibrant objects are precisely the homotopy functors.
(2) Any Quillen equivalence L : A ⇆ B : R induces a Quillen equivalence (R * , L * ) on the model categories from (1).
In addition to the main result we show, in Theorem 2.2, that the category of small functors with the fibrant-projective model structure, [BC15] , is Quillen equivalent to the homotopy model structure on the same category, provided that all the objects in the domain model category are cofibrant. This allows us to use the fibrant-projective model structure as a replacement for the homotopy model structure, when the latter is not known to exist.
Another way to get around the condition that all objects are cofibrant is to use some result allowing to replace given categories A (resp. B) with Quillen equivalent model categories A c (resp. B c ) consisting of cofibrant objects in A (resp. B). There are two possibilities: [Dug01, CR14] ; the main result of [CR14] is recalled in Theorem 4.1.
Using this replacement, we demonstrate in Section 4 how to apply Theorem A to lift numerous classical Quillen equivalences to categories of homotopy functors, including equivalences between different model categories for spaces, spectra, chain complexes, diagram categories, simplicial (pre)sheaves, motivic spectra, and ∞-categories. We show in Section 4.2 how to lift the Dold-Kan equivalence and equivalences between categories of operad-algebras to Quillen equivalences between homotopy model structures of functors to S . At times, we need to pass to Quillen equivalent model structures with all objects cofibrant, and a process for doing so is explained in Theorem 4.1, due to [CR14] . The slogan throughout is that the homotopy theory of homotopy functors is homotopy invariant.
Preliminaries
In this section we recall the homotopy theory of small functors and establish some basic properties of the model categories of small functors. We assume the reader is familiar with the basics of model categories and left Bousfield localization, e.g. [Hov99] , [Hir03] . Note that all our model categories are simplicial and all the functors between them are continuous. Proof. Note that every small functor F ∈ S A is a weighted colimit of representable functors. Then
is also small as a weighted colimit of representable functors. Given a representable functor
is no longer representable, but it is λ-accessible if B is λ-presentable, hence it is a small functor as an accessible functor of accessible categories.
For
is a weighted colimit of small functors, which is again small [Kel82, 5.34] . Then 
between two model categories of small functors equipped with the projective model structure, [CD09] 
The fibrant-projective model structure on the category of small functors with domain in a combinatorial model category (weak equivalences and fibrations are levelwise in fibrant objects) was constructed in [BC15] , Definition 3.2. This is a particular case of the relative model structure, [Cho15] . In the next proposition we analyze its interaction with a Quillen pair between the domain categories. Proof. The "if" direction follows in the same manner as the proposition above.
For the "only if" direction, we need to show that the map p : LA → * has the right lifting property with respect to any trivial cofibration i : B 1֒ →B 2 in B. By [Hir03, Prop. 9.4.3], it suffices to show that (i, p) is a homotopy lifting-extension pair. In other words, it suffices to show that hom(B 2 , LA) → hom(B 1 , LA) is a trivial fibration of simplicial sets.
For any trivial cofibration i : B 1֒ →B 2 in B the induced map of representable functors i * : hom(B 2 , −) → hom(B 1 , −) is a trivial fibration in the fibrant-projective model structure on S B . Since L * is a right Quillen functor, the map
is a trivial fibration in the fibrant-projective model structure on S A , i.e., hom(B 2 , LA)։hom(B 1 , LA) is a trivial fibration of simplicial sets for all fibrant A ∈ A.
Homotopy model structure
Let A be a simplicial combinatorial model category. We will only construct the homotopy model structure on the category of small presheaves S A under the additional assumption that all objects of A are cofibrant.
2.1. Lifting Quillen equivalences. This assumption seems quite strong, but actually every combinatorial, simplicial model category A is Quillen equivalent to a combinatorial, simplicial model category with this property, in several ways. One way, due to Ching and Riehl [CR14] , is discussed in Section 4, and consists of a Quillen equivalence A ⇆ A c where A c consists of cofibrant objects in A. A Quillen equivalence A ⇆ B induces a Quillen equivalence A c ⇆ B c , as discussed in Section 4.
A different way to replace A by a (zig-zag) Quillen equivalent to a combinatorial, simplicial model category with all objects cofibrant is due to Dugger [Dug01] . Given a Quillen equivalence of combinatorial model categories, it is easy to lift it to a Quillen equivalence of combinatorial model categories with all objects cofibrant. Following Dugger's argument, [Dug01] , we can choose a cardinal λ, such that the presheaf categories over the λ-presentable objects of A and B could be localized into model categories Quillen equivalent to A and B. We can also ensure that adjoint functors (L, R) are strongly λ-accessible functors, i.e., that their restriction defines an adjunction between the subcategories A λ and B λ of lambda presentable objects. Then the induced adjunction between presheaf categories (Proposition 1.3) is a Quillen pair if these categories are equipped with the projective model structure, Proposition 1.5, cf. Remark 1.4.
Localization construction.
In this section we localize the projective model structure on the category of small functors S A with respect to the the following class of maps Proof. Since A is a simplicial combinatorial model category, we can choose and fix a continuous, accessible fibrant replacement functor Fib A : A → A together with a natural transformation ε : Id A → Fib A . We denote the fibrant replacement in S by (−). In this case the homotopy approximation functor may be constructed very explicitly. Namely, for any small F : A → S, we can put
It is equipped with the coaugmentation: F ε : F → Fib * A F . This is a homotopy idempotent construction, which takes values in homotopy functors, since weak equivalences of objects which are fibrant and cofibrant are simplicial weak equivalences, [Qui67] , and the latter are preserved by simplicial functors, cf.
By [Rav15, Theorem 5.3], H-equivalences are precisely the local equivalences with respect to the fibrant homotopy functors. Since our construction is very simple, we can see immediately that H-equivalences, i.e., maps rendered into the projective weak equivalences by the functor H, are precisely the fibrant-projective weak equivalences of small functors, [BC15, Def. 3.2], i.e., the natural transformations of functors inducing weak equivalences of fibrant objects.
It remains to verify that our localization construction satisfies the conditions A1-A3 of [Bou01, Theorem 9.3].
A1 and A2 are satisfied by the construction of H and the discussion above. To verify A3 consider the a pullback of a fibrant-projective weak equivalence along a projective fibration. Since S is right proper, the base change of a fibrant-projective weak equivalence is a fibrant-projective weak equivalence again.
Hence the left Bousfield localization exists, and defines the homotopy model structure on the category of small functors from A to S .
2.3. Fibrant-projective model structure. We now discuss how to remove the condition that all objects of A are cofibrant. There is a substitution for the homotopy model structure, that works without this condition, namely the fibrantprojective model structure of [BC15, Theorem 3.6]. The latter exists whenever A is combinatorial. We show now that, when both of these model structures exist, that they agree. This is a Quillen pair because the right adjoint obviously preserves fibrations and trivial fibrations. Now we localize the projective model structure and obtain the homotopy model structure on the right hand side. The identity functors still form an adjoint pair Id :
It remains to show that for every fibrant (homotopy) functor F ∈ S A ho , the natural cofibrant replacement map i :F → F (in S A fib-proj ) is still a weak equivalence in the homotopy model structure. Since the cofibrant replacement is taken in the fibrant-projective model structure, i induces a weak equivalence between the values of the functors in fibrant objects. Applying on i the fibrant replacement procedure in the homotopy model structure, we obtain a levelwise weak equivalence, i.e., i is an H-equivalence.
Main result
3.1. Still a Quillen Pair. First we need to show that the adjunction (R * , L * ) is still a Quillen adjunction after the localization performed in Section 2. 
Given a fibration of two fibrant homotopy functors
is again a levelwise fibration. It is a fibration of homotopy functors, since L is itself a homotopy functor, i.e., L * f is a fibration in the localized model structure.
3.2. Quillen equivalence. We are ready now to prove our main result stating that if the Quillen pair (L, R) is a Quillen equivalence of model categories with all objects cofibrant (in a sense, cofibrant model categories), then the induced Quillen pair (R * , L * ) between the categories of small functors to spaces, equipped with the localized fibrant-projective model structure, is also a Quillen-equivalence. Proof. We will use the criterion for a Quillen pair to be a Quillen equivalence, [Hov99, Corollary 1.3.16(c)].
First we show that the right adjoint L * reflects weak equivalences of fibrant objects. Given a map of homotopy functors f :
weak equivalence (of homotopy functors, since L preserves weak equivalences).
For every B ∈ B consider its fibrant replacement B֒→B and put A = RB ∈ A. Then LA→B is a weak equivalence, since (L, R) is a Quillen pair. We obtain the following commutative diagram:
Therefore, fB is a weak equivalence and hence f B is a weak equivalence for all B ∈ B by 2-out-of-3 property, hence f is a weak equivalence.
It remains to show that, for every cofibrant F ∈ S A , the derived unit of the adjunction constructed in Proposition 1.3
is a weak equivalence in the homotopy model structure.
Since the pair (L, R) is a Quillen equivalence, for all (cofibrant) X ∈ A there is a weak equivalence X→RFib B L(X). Hence, the initial map (1) is a weak equivalence in the homotopy model structure because we can apply H also to F turning it into the homotopy functor. Proof. By Theorem 2.2, the fibrant-projective model structure on S A is Quillen equivalent to the homotopy model structure, and the same for S B . By Theorem 3.3, the homotopy model structures are Quillen equivalent. Hence, the fibrantprojective model structures are Quillen equivalent, via a chain of Quillen equivalences.
Examples
As discussed in the introduction, the main result of this paper applies to categories of spaces, spectra, equivariant and motivic spectra, simplicial presheaves, chain complexes, and simplicial k-modules. Since Theorem A requires all objects to be cofibrant, we first need to find Quillen equivalent model structures where this condition holds. Our main tool will be [CR14, Theorem 2.5], which we restate here for convenience: Remark 4.3. Similarly to (1) above, one could also form a Quillen equivalence between injective symmetric spectra built on S and injective symmetric (or orthogonal) spectra built on T ∆ c , or between projective, positive, or flat model structures after passage to cofibrant objects as in (2)-(4). Similarly to (6) and (7), one could form Quillen equivalences between symmetric spectra and the Lydakis model structure for stable homotopy theory [Lyd98] .
4.2. Algebraic Examples. The projective model structure on bounded chain complexes Ch ≥0 (k) proj over a field k, dates back to Quillen [Qui67] . Applying the Dold-Kan equivalence to the internal hom makes it into a combinatorial, simplicial model category with all objects cofibrant. Similarly, the category of simplicial kmodules, also introduced in [Qui67] , satisfies the same conditions.
Theorem 4.4. Each of the following Quillen equivalences:
( Examples [WY16, Section 7] include the chain of Quillen equivalences between (commutative) algebras over the Eilenberg-Maclane spectrum HR and (commutative) differential graded R-algebras, Quillen equivalences between commutative algebras and E ∞ -algebras in symmetric spectra, chain complexes, and motivic spectra, and Quillen equivalences between commutative equivariant ring spectra and algebras over a complete N ∞ -operad algebra as discussed in [GW17] . We thus obtain numerous examples of Quillen equivalences of homotopy model structures of functors from operad-algebras to S 4.3. Simplicial presheaves. In 1984, Joyal introduced a model structure on simplicial sheaves [Joy84] . In 1987, Jardine introduced the injective and injective-local model structures on simplical presheaves [Jar87] . All three are combinatorial, simplicial, and have all objects cofibrant (the cofibrations are the monomorphisms). The sheafification-inclusion adjunction (s ⊣ i) : sP re inj,loc (C) ⇆ sShv inj (C) is a Quillen equivalence for any small site C. The localization is with respect to the sieve inclusions F ({U i }) → F (U) for each covering family {U i → U} and each F ∈ sP re(C). Similarly, theČech model structure sP reČ ech,inj (C) on sP re(C), a localization with respect to theČech hypercovers [Dug] , is Quillen equivalent via sheafification to theČech model structure on simplicial sheaves, sShvČ ech,inj (C), and both have all objects cofibrant.
The Quillen equivalence also holds for projective model structures sP re proj,loc (C) ⇆ sShv proj (C) due to Blander [Bla01] and Brown-Gersten [Bla01, BG73] , which are combinatorial and simplicial, but need not have all objects cofibrant. However, Theorem 4.1 gives Quillen equivalent model structures with all objects cofibrant, and a Quillen equivalence s : sP re proj,loc (C) c ⇆ sShv proj (C) c : i. Similarly, the projective analogues of theČech model structures have a Quillen equivalence s : sP reČ ech,proj (C) c ⇆ sShvČ ech (C) c : i.
The identify functors provide a Quillen equivalence between the projective and injective model structures on sP re(C), for any small category C, and this Quillen equivalence is maintained [DHI04, Section 2] on local versions of these model structures Id : sP re proj,loc (C) ⇆ sP re inj,loc (C) : Id, for the case when C is a site.
Lastly, the change-of-site adjunctions give examples of Quillen equivalences. Whenever f : D ֒→ C is the inclusion of a full dense sub-site of C, right Kan extension along f yields Quillen equivalences f * : sP re inj,loc (D) ⇆ sP re inj,loc (C) :
Theorem 4.5. Each of the following Quillen equivalences: 
4.5.
Categories. The categories Cat of small categories, Grpd of small groupoids, and 2Grpd of 2-groupoids are all locally presentable and Cat-enriched, hence simplicial via the nerve functor. The Thomason model structure on Cat is Quillen equivalent to S via the nerve functor [Tho80] . The category of simplicial groupoids is Quillen equivalent to S by [DK84] . The left adjoint G : S → sGrpd is the free simplicial groupoid on a simplicial set. The category of 2-groupoids is Quillen equivalent to S by [MS93, Corollary 2.6], via the adjoint pair W h ⊣ N of the Whitehead 2-groupoid functor and the nerve functor. None of these algebraic categories has all objects cofibrant, but all satisfy the conditions of Theorem 4.1.
The Quillen equivalence between simplicial sets and groupoids induces a Quillen equivalence between simplicial presheaves (with values in S ) and sP reGpd(C), presheaves of simplicial groupoids (functors from C op to sGrpd) [JT] . Similarly, one obtains a Quillen equivalence between a local model structure sP reGpd loc (C) and simplicial sheaves sShvGpd(C) [Jar07, Theorem 20]. Applying Theorem A we obtain: The models include the categories QCat of quasi-categories, SCat of simplicial categories (with the Bergner model structure), RelCat of relative categories (with the Barwick-Kan model structure), CSS of complete Segal spaces (with the Rezk model structure), Seg p of Segal categories with the projective model structure, and Seg i of Segal categories with the injective model structure. Furthermore, Rezk's model of complete Θ n -spaces is Quillen equivalent to the n-fold complete Segal spaces, and a number of Quillen equivalences for models of (∞, n)-categories are given in [BR13] . All these models are combinatorial and simplicial, but not all of them have all objects cofibrant, so Theorem 4.1 must be used. Rather than listing all the possible Quillen equivalences, we simply state one omnibus result: This corollary makes precise the slogan from the introduction that the homotopy theory of homotopy functors is homotopy invariant: for any reasonable (combinatorial and simplicial) Quillen equivalent models for the homotopy theory of (∞, n)-categories there is an equivalence between the homotopy theories of homotopy functors in either setting. There is a similar network of Quillen equivalences between the various models for ∞-operads, detailed in [GGA15] , and all models considered are combinatorial and simplicial. Thus, we obtain: 
